
15-884: Machine Learning Systems

Automatic Differentiation

Instructor: Tianqi Chen



Happy Lunar New Year



Good Job on the First Batch of Paper Reviews!

Some quick notes:

• Three short paragraphs are sufficient(key idea first paper, key idea 
second paper, comparison and future works)

• Type them out in any form(latex, google doc) and save as PDF

• Think them as quick notes you usually write for your own when 
revisiting the paper.



Example Review

• TensorFlow: The key idea in Tensorflow is the ability to use the computational 
graph as abstraction with state support. The optimizations can scale to 
multiple machines with automatic device placement.
• JANUS: JANUS combines the symbolic and static execution. The system 

speculatively generates a graph with assertions(fast path). When an assertion 
fails, the system fallbacks to imperative executions

• Discussions: Weakness of Tensorflow, declarative(symbolic) form of the 
program makes it harder to debug. JANUS generates a fast path of symbolic 
programs via speculative execution. However, it would require a python 
interpreter to be available. We could possible use speculative execution 
techniques to speedup execution of JIT compilation of torchscript.



Model Training Overview
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Automatic Differentiation
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Numerical Differentiation: Do it by Definition

@f(x)

@xi
= lim

h!0

f(x+ hei)� f(x)

h

<latexit sha1_base64="tiJHNpTetMQAhBI45oBunldyrhI="></latexit>

Approximate the gradient as

Reduce error by using center difference

@f(x)

@xi
= lim

h!0

f(x+ hei)� f(x� hei)

2h

<latexit sha1_base64="jWz6zquBbfLgDPUfvfPUz1Qjq7M="></latexit>

Suffer from rounding error

A powerful tool to numerically check the gradient implementation
(write unit test cases) 



Numerical Gradient Checking

Invariance Gradient value to be checked

Choose small h

<latexit sha1_base64="o0Em+1LrPCqDYpYwPOqewD9gKuI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f0JGM9A==</latexit>

ei

<latexit sha1_base64="CKvFAoTyaVIiFGCoAUtoSDnVk9I=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mkoseiF48V7Ac0pWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2I2gjYvWAkwR6ERsqEQrO0Eq+j/CEQZjBtC/65Ypbdeegq8TLSYXkaPTLX/4g5mkECrlkxnQ9N8FexjQKLmFa8lMDCeNjNoSupYpFYHrZ/OYpPbPKgIaxtqWQztXfExmLjJlEge2MGI7MsjcT//O6KYbXvUyoJEVQfLEoTCXFmM4CoAOhgaOcWMK4FvZWykdMM442ppINwVt+eZW0LqperXp5X6vUb/I4iuSEnJJz4pErUid3pEGahJOEPJNX8uakzovz7nwsWgtOPnNM/sD5/AGOnZII</latexit>

Randomly sample from unit ball, or pick �

<latexit sha1_base64="+VKucry2xu1d47EVc67mAsjeu4o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16qX97VK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJQkjyQ=</latexit>

f(x+ h�)� f(x� h�)

2h
= �

Trxf(x) +O(h2)

<latexit sha1_base64="ZKBjJdKVpH9e0lpBs2lYrYGMR8o="></latexit>

Negligible small value



Symbolic Differentiation

• Input formula is a symbolic expression tree (computation graph).
• Implement rules, e.g., product rule, sum rule, chain rule

• For complicated functions, the resultant expression can be 
exponentially large.
• Wasteful to keep around intermediate symbolic expressions if we only 

need a numeric value of the gradient in the end.



Automatic Differentiation (AutoDiff)

• Intuition: can we interleave symbolic differentiation and 
simplification?

• Key idea: apply symbolic differentiation at elementary operation level 
and keep intermediate results



Forward Mode AutoDiff

Each node is a (input/intermediate/output) variable.
Computation graph (a DAG) with variable ordering from 
topological sort.





Problem?
f : Rn ! Rm

<latexit sha1_base64="CjDZx8+mn8praEfU/W4wpNRsPBI=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqVCUIBGKqYGEsiD6kJlSO67RWHTuyHVAV9RdY+BUWBhBiZWPjb3DaDKXlSFc6Oude3XtPEDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbAVKEUU4ammpG2rEkKAoYaQXDq8xvPRCpqOB3ehQTP0J9TkOKkTZS166EF9CLkB4EQXo7vufQk7Q/0EhK8ThrRF277FSdCeAicXNSBjnqXfvb6wmcRIRrzJBSHdeJtZ8iqSlmZFzyEkVihIeoTzqGchQR5aeTj8bwyCg9GAppims4UWcnUhQpNYoC05ndqOa9TPzP6yQ6PPdTyuNEE46ni8KEQS1gFg/sUUmwZiNDEJbU3ArxAEmEtQmxZEJw519eJM3jqntSPb05Kdcu8ziK4AAcggpwwRmogWtQBw2AwRN4AW/g3Xq2Xq0P63PaWrDymX3wB9bXL8qunac=</latexit>

• Needs       forward passes to get gradient wrt to each input
• Deep learning models have large number of inputs(weights are

also considered input), and one output(loss)
• Reverse mode AD come to the rescue

n

<latexit sha1_base64="eCKjyfURfYwRnGvH5ScVmRzh6UM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2amM+g==</latexit>



v̄i =

P
j @yj

@vi

<latexit sha1_base64="Q27KZOGmhb5BFmd4hplB/jyzlZ8=">AAACHXicbVBNS8MwGE7n15xfVY9egkPwNFqZ6EUYevE4wX3AWkqapVu2NC1JOiilf8SLf8WLB0U8eBH/jek2RDcfCDx5nvd9k/fxY0alsqwvo7Syura+Ud6sbG3v7O6Z+wdtGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fjjm8LvTIiQNOL3Ko2JG6IBpwHFSGnJM+uOj0Q28WgOr6ATCIQzRyahN4JOjISiiMHUG+XZz60o9cyqVbOmgMvEnpMqmKPpmR9OP8JJSLjCDEnZs61YuVkxEjOSV5xEkhjhMRqQnqYchUS62XS7HJ5opQ+DSOjDFZyqvzsyFEqZhr6uDJEaykWvEP/zeokKLt2M8jhRhOPZQ0HCoIpgERXsU0GwYqkmCAuq/wrxEOmIlA60okOwF1deJu2zml2vnd/Vq43reRxlcASOwSmwwQVogFvQBC2AwQN4Ai/g1Xg0no03431WWjLmPYfgD4zPb4JiotM=</latexit>

For each node        , introduce an 
adjoint node that corresponds to 
gradient of output wrt to this node 

vi

<latexit sha1_base64="WSKqV5dFvXkbH4utlbMvKNUsDZE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPd4r1xxq+4cZJV4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4LXVTjQllIzrAjqWSRqj9bH7qlJxZpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3vgZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTsiF4yy+vkuZF1busXj1cVmq3eRxFOIFTOAcPrqEG91CHBjAYwDO8wpsjnBfn3flYtBacfOYY/sD5/AFgHI3e</latexit>

Reverse Mode AutoDiff



Reverse AD Example



Connect back to Computational Graph



Reverse Mode AutoDiff
def gradient(out):

node_to_grad[out] = 1
for node in reverse_topo_order(out):

grad ← sum partial adjoints from output edges
input_grads ← calc partial adjoints for inputs given node.op and grad
add input_grads to node_to_grad

return node_to_grad
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Backpropagation and AutoDiff (reverse)
Backpropagation AutoDiff (reverse)



What are the difference between backprop and reverse mode AD?

How to support second(higher) order gradients? 

Discussion Items



Backpropagation vs Reverse Mode AutoDiff

• We can take derivative of derivative nodes in autodiff, while it’s much 
harder to do so in backprop.
• In autodiff, there’s only a forward pass (vs. forward-backward in 

backprop). So it’s easier to apply graph and schedule optimization to 
a single graph.
• In backprop, all intermediate results might be used in the future, so 

we need to keep these values in the memory. On the other hand, in 
autodiff, we already know the dependencies of the backward graph, 
so we can have better memory optimization.



AutoDiff on Composed Operators

• In neural network, people use more high-level operator 
(composed operator), such as batch-norm, softmax, etc.

• Solution0: Implement adjoint operator for those ops

• Solution1: Legalize the operator into smaller ops, then run AD



Advanced AD Topics

• Probabilistic decisions (policy gradients)

• Differentiate over sub-function calls

• Handling of data structure, states



GPU Memory is the Bottleneck in Training Big Models

The maximum size of the model we can try is bounded by total RAM 
available of the GPU.

Extremely important for some accelerators with fast but small 
on-chip memory

Usually these models are also the state of the art.



Discussion: How can we train bigger models 
with limited GPU memory 



Cost of Training Deep Neural Network

Forward Prop

Backward Prop

Need to keep intermediate values alive

Memory Cost = O(N)



Gradient Checkpointing
Only store colored nodes

Recompute

Recompute

Memory Cost = Recompute Cost + Checkpoint Cost 



Gradient Checkpointing
Only checkpoint colored nodes

Recompute

Recompute

Memory Cost = Recompute Cost + Checkpoint Cost 



Gradient Checkpointing: Sublinear Memory Cost
Only checkpoint colored nodes

Recompute

Recompute

Memory Cost = O(K) + O(N/K)
If we check point every K steps 

on a N layer network

Recompute Cost Checkpoint CostPick K =



A Computational Graph View of Checkpointing



An Alternative View: Recursion



What are the limitations of the sqrt(n) 
checkpointing approach?

Alternative solutions to save memory?



Summary

• Reverse mode AutoDiff is the main algorithm for gradient 
computation 

• Gradient checkpointing is extremely important, essential for big 
models like GPT-3

• Checkout more advanced topics in readings


